Flexible Rydberg aggregates, assemblies of few Rydberg atoms coherently sharing electronic excitations while undergoing directed atomic motion, show great promise as quantum simulation platform for nuclear motional dynamics in molecules or quantum energy transport. Here we study additional features that are enabled by the presence of more than a single electronic excitation, thus considering multi-exciton states. We describe cases where these can be decomposed into underlying single exciton states and then present dynamical scenarios with atomic motion that illustrate exciton-exciton collisions, exciton routing, and strong non-adiabatic effects in simple onedimensional settings.
I. INTRODUCTION
Ultra-cold Rydberg atoms are now recognised as a promising tool for scalable neutral atom quantum information [1] , quantum non-linear optics [2] [3] [4] [5] or the simulation of condensed matter systems [6] [7] [8] [9] . In such applications, the thermal or interaction-induced motion of atoms gives rise to detrimental but unavoidable noise sources [10, 11] . This problem is turned into an asset when using Rydberg atoms for the quantum simulation of nuclear dynamics in complex molecules, within flexible Rydberg aggregates [12] , where Rydberg atomic motion replaces nuclear motion albeit on much larger and more accessible length scales.
If desired, Rydberg atoms can be easily put into motion, either by van-der-Waals interactions or the more interesting dipole-dipole interactions [13, 14] . This motion is then governed by Born-Oppenheimer (BO) surfaces that lead to dynamics of repulsive, attractive or indeterminate nature, depending on the overall electronic state of the Rydberg system [12, 15] . Earlier work has shown interesting interplay between excitation transport and this atomic motion even in simple one-dimensional settings [16] [17] [18] .
These studies have so far been restricted to cases where a single excitation in an angular momentum p (l = 1)-state is undergoing transport on a backbone of Rydberg atoms that are otherwise in s (l = 0). Here we present initial investigations of the more complex case, where multiple p-excitations are present. This will lead to a larger variety of dipole-dipole BO surfaces that can be designed. While the experimental excitation of Rydberg aggregates with precisely one excitation is in principle straightforward [17, 19] , there will always be a small probability of multiple excitation that further motivates our studies. Additionally, multi-exciton states have been * Electronic address: sebastian@iiserb.ac.in throughly studied in molecular aggregates, especially in light harvesting complexes [20, 21] , thus by accessing multi-exciton states, we widen the scope of Rydberg aggregates for the quantum simulation of light harvesting [22] .
We show that multi-exciton scenarios can be treated formally in a similar way to those containing a single exciton, initially demonstrating how for specific cases the spectrum of two-exciton states can be obtained by a decomposition into single-exciton states. However in general, this decomposition will be limited. When considering atomic motion due to multi-excitonic BO surfaces, we focus on several examples that highlight key scenarios beyond those explorable within the single excitation manifold, such as: interaction of two excitation pulses, excitation transport switching and strong non-adiabatic effects for one-dimensional motion.
This article is organized as follows: In section II, we introduce a theoretical description of bi-excitons in onedimensional Rydberg aggregates. Next, in section III we compare bi-excitons with excitons for two cases and show when bi-excitons can be written as product states of excitons. Then, in section IV, we proceed to discuss the induced motion of atoms in the aggregate and its dependence on the initial state. In section V we look into the mutual interplay between the motional and electronic dynamics, where we highlight a number of emerging scearios that are exclusive to bi-excitons. We show that two exciton pulses undergo elastic repulsive collisions (section V A), illustrate the possibility of switching or gating one exciton pulse by another (section V B) and finally identify a special case with particularly prominent effects of non-adiabatic transitions on the dynamics (section V C).
II. MULTI-EXCITONS
We consider a chain of N identical Rydberg atoms that are confined to move in one dimension, with atomic po- sitions described by R = (r 1 , r 2 , r 3 ....) where r n denotes the position of the nth atom, see Fig. 1 . Each atom on the chain is initially prepared in one of two energetically close Rydberg states, a lower state |s with energy ε s or an excited state |p with ε p such that ε p > ε s . The single exciton manifold with exactly one atom in a p state and all others in the s state is then spanned by the basis |π n = |n = |sss · · · p · · · sss , where in state |π n only the nth atom is in p. To generalize the notation to q excitations, we employ the basis | Π 
A. Hamiltonian
The Hamiltonian constrained to the single exciton state space is
with R nm = |r n − r m | the distance between atoms n and m. The operator 1 = N n |π n π n | is the identity in electronic space. C 3 and C 6 are the dispersion coefficients for resonant dipole-dipole and Van-der-Waals (VdW) interactions respectively, where for the latter we assume equal interactions for ss and sp pair-states for simplicity.
In this article we will mainly focus on the case of exactly two p-excitations for which we can write:
The notation could be straightforwardly generalized to more than two excitations (q > 2), but this will not be needed here.
B. Excitons
We call the eigenstates of the interacting Hamiltonians above (Frenkel) excitons [23] . For later use, we will distinguish solutions of the single-excitation eigenproblem
from those for two excitations
We keep the number of Rydberg atoms N as an additional labelling parameter and U k (R) (O k (R)) are the exciton energies (Born-Oppenheimer surfaces [12] ) for the one (two) excitation case. Accordingly ϕ
) are the exciton eigen-states.
III. BI-EXCITON VERSUS SINGLE EXCITON STATES
We will first contrast bi-excitons states with single exciton states for two simple cases: (i) A regular chain with equal distance between neighboring atoms set at d = 5µm, as shown in Fig. 1 , and (ii) A chain with a dislocation at one end, where the final atom is distance of only a = d/2 from its neighbor. For both cases we solve Eq. (5) and refer to [15] for the solutions of Eq. (4). These bi-exciton states have the structure ζ 5 k (R) = c k;nm |nm , and we show the coefficients c k;nm = nm ζ 5 k (R) for their visualisation. For the homogenous chain [case (i)] these are shown in Fig. 2 . As required by symmetry all modes are either symmetric or antisymmetric about the centre of the chain, and share the properties that the excitations are fully de-localized over the chain. For the illustrative exciton energies shown we assumed C 3 = 976 MHz µm 3 , C 6 = 5400 MHz µm 6 , roughly corresponding to Rydberg states with a principal quantum number ν ≈ 40. At this separation, VdW interactions play a minor role for exciton states. It is easier to interpret bi-exciton states and link them to single exciton states for the dislocated chain [case (ii)] shown in Fig. 3 . In this case, due to the gross mismatch of dipole-dipole interactions within the dislocation and on the rest of the chain, six of the states factor into simple tensor products of one single-exciton state for the dislocation and a second for the remainder of the chain. Specifically we find | ζ
, where the single exciton states have the structure | ϕ k = c k;n |n and the coefficients c k;n are visualized as bars in Fig. 3 . In the list above the state to the left of the tensor product ⊗ pertains to the atoms 1-3 (chain) and the one to the right to the atoms 4-5 (dislocation).
There are also four states that cannot be reduced to known single exciton results, shown in Fig. 4 . These can be understood as the state with both p-excitations on the dislocation, and three states where both p-excitations avoid the dislocation and reside on the main chain. In the latter three cases, these then form essentially single exciton state on the main chain, for which the role of the s and p electronic levels are inverted. These can be written in a basis |π n = |ppp · · · s · · · pppp , where in this state all atoms are in p except the n'th one which is in s. Writing the corresponding inverted exciton states as |φ k , we can write | ζ
FIG. 4:
Special bi-exciton states that cannot be de-composed into single exciton ones. The labelling is as in Fig. 2 and Fig. 3 .
IV. ATOMIC MOTION IN A FLEXIBLE RYDBERG AGGREGATE
The dipole-dipole induced motion of atoms in a flexible bi-exciton aggregate could be studied by solving the timedependent Schrödinger equation
for atoms of mass m. Even when restricting the motion of atoms to one-dimension, as we will do in the following, the direct solution of Eq. (6) for N = 5 would be too challenging. Hence we resort to quantum-classical propagation, where the motion of atoms is treated classically. This works very well for flexible Rydberg aggregates [12, 16, 24] .
Expanding the electronic quantum states as |Ψ(t) = c nm (t) |nm , we thus solve
which is coupled to the motion of atoms
Here γ(t) is a stochastically varied index that describes on which BO surface the system is currently evolving. The stochastic jumps between surfaces correspond to non-adiabatic transitions between exciton states. The likelihood of a transitions from surface i to surface k is set by the non-adiabatic coupling vector
All results shown are then averaged over a set of N traj trajectories, typically starting from a chosen initial BO surface, i.e. γ(t = 0) = k ini .
For further details on this Tully's fewest switching algorithm, we refer to the original chemical physics literature [25] [26] [27] , the review [28] or our earlier work [17, 29] .
To obtain a first idea of the allocation of motional dynamics to exciton state, we can proceed as in [15] , and initially ignore the evolution of the electronic state (7), fix γ = k as constant in time, and thus just obtain the Newtonian motion on a fixed BO surface as shown in Fig. 5 . We see that, as for single-excitation aggregates, the type of motion is set by the overall aggregate electronic states. As usual opposite amplitude signs between neighboring atoms result in attractive dynamics, while the same sign results in repulsive dynamics (for C 3 > 0). The bounces for the attractive case result from repulsive van-der-Waals interactions at very short distances, that are independent of the exciton state. VdW interactions thus preclude a likely ionising close encounter of Rydberg atoms, which is why we included them in the model. The parameters for these simulations and the following ones are as listed in section III, for 7 Li atoms of mass 10
Kg.
V. INTERPLAY OF MOTIONAL AND ELECTRONIC DYNAMICS
For a more complete picture, we now proceed to treat the coupled electronic and motional dynamics of the flexible Rydberg aggregate, also taking into account atomic position uncertainties and non-adiabatic transitions. To that end, we consider a system that is prepared in one of the electronic Hamiltonian eigenstates ζ N k , with atoms assumed to be initially optically trapped in a harmonic potential before they are released to freely move in one dimension. We thus use a Gaussian probability distribution for initial positions with a standard deviation σ (the ground-state width of the trap) and the same for initial velocities with width σ v = /(M σ). Our results are then averaged over a large number N traj of trajectories. For the following numerical simulations, we used σ = 0.3 µm µm and propagated N traj = 10 3 trajectories. As before, the main distance between nearest neighbours is d = 5µm; when a dislocation is present, the distance between the two atoms forming the dislocation was a = d/2.
In the following we present several selected dynamical scenarios, in which the presence of a second p-excitation causes the emergence of crucial additional features, compared to similar scenarios with just a single p-excitation.
A. Interactions of Exciton pulses
In earlier work we had shown that in a flexible Rydberg aggregate, a pulse of atomic dislocation in a regular chain, with ensuing fast motion, combined with electronic excitation exhibits particularly interesting transport properties. We had called these "exciton(-motion) pulses" in [24, 29] . It can adiabatically deliver a shared excitation and the associated entanglement from one end of a chain to the other [16] . This bears some resemblance to a Davydov soliton [30, 31] , albeit without the restoring force prominently part of the latter. These pulses can then be split and their coherence properties controlled, e.g. by modifications of chain geometry or conical intersections [24, 29] . Now, with two p-excitations, we are in a position to study the interaction of two such exciton motion pulses. These are shown in Fig. 6 , for a scenario where each excitation is localized at a different end of a chain, with a dislocation on both ends. As the system evolves the excitation pulses collide in the chain centre, due to both pulses having repulsive character akin to | ζ 5 10 in Fig. 3 , and elastically reflect off each other. The figure shows the weighted excitation density, showing that all excitation is reflected off the centre. The second panel indicates that the initial electronic state is being adiabatically followed with high fidelity. The latter represents a spatial binning of all atomic positions, each weighted with the probability to carry any excitation, see also [29] . (bottom) Adiabatic populations |c k | 2 , wherẽ c k (t) = ζ k (R(t))|Ψ(t) .
B. Gate for exciton pulses
When decomposed into single excitation states, the scenario in the previous section amounts to the collision of two exciton states of the same type, connected to the repulsive dimer state on the dislocation [15] . We now show that one exciton pulse impacting onto a chain occupied by a second excitation may be routed through the chain, or reflected off it, dependent on the exciton state realized on the chain. This is shown in Fig. 7 , where the dynamics in (a) is initialized in state | ζ 10 . Both have in common that an incoming excitonmotion pulse is associated with the dislocated atoms 1, 2 sharing one p-excitation, while the second p is distributed over atoms 3 − 5.
According to our decomposition in section III the nondislocated part of the chain is thus in the (single p) exciton state | ϕ in (b). We can see that in (a) the incoming excitation is reflected off the chain, finally residing on the atom going out towards positive r, while the incoming momentum is transferred through as usual [16, 17] . In contrast for case (b), the excitation is passed through the chain together with the momentum pulse and finally resides on the atom moving out towards negative r.
While our quantum-classical approach is not able to show this, the conditional passage should even be quantum coherent if the motional wave function of the Rydberg aggregate remains quantum coherent. Note that the full-system life-time for our parameters would be τ agg = (2/τ p + 3/τ s ) −1 = 19.4 µs for τ s = 70 µs and τ p = 232 µs due to spontaneous decay and black-body redistribution at T = 300K [32] . Hence we expect the motional dynamics shown to take place before the first decay of a Rydberg atom involved is to be expected.
C. Non-adiabatic transitions
Finally, we show a scenario that leads to clear and significant non-adiabatic effects even within a onedimensional flexible Rydberg aggregate. Earlier, nonadiabatic effects were most prominently reported only once motion of each atom was taking place in twodimensions [24, 29, 33, 34] .
Non-adiabatic effects can be seen in Fig. 8 when starting from an electronic state akin to | ζ 5 9 , albeit for a doubly dislocated chain. We notice in the total atomic density (not excitation density) shown in panel (a) that the densities for each atom start splitting around 0.5µs, indicating a superposition occupying simultaneously multiple BO-surfaces with consequently disparate forces acting on atoms. This is corroborated by the adiabatic populations p k = |c k | 2 , defined in the caption of Fig. 6 and shown here in panel (b) . In contrast to the earlier scenarios, these now show large variation with ultimately three BO surfaces strongly involved in the dynamics. The figure also includes the typical consistency check for the employed quantum classical surface hopping algorithm, comparing the adiabatic populationsp k (t) with the fraction f k (t) of trajectories currently evolving on the matching BO surface. Here f k (t) is defined as
where k is a chosen adiabatic surface and γ(t) represents the adiabatic surface that the system follows as it evolves in time, see Eq. (8) . We can see that surface hopping is consistent (indicating the absence of forbidden jumps), and that signatures of non-adiabaticity are visible in atomic density profiles even within this simple one-dimensional scenario, if density profiles can be measured with about 2µm spatial resolution. 
VI. CONCLUSIONS AND OUTLOOK
We have extended earlier work on flexible Rydberg aggregates from the single excitation manifold to the two exciton manifold. After presenting the decomposition of new exciton states into those known earlier, we highlighted several dynamical features that newly arise due to the addition of the second excitation. These were collisions of exciton-motion pulses, exciton pulse gates or routers controlled by the exciton state of a gate chain, as well as the occurrence of strong and clear non-adiabatic effects in scenarios with one-dimensional motion.
Most of the scenarios shown here represent examples of joint quantum transport and electronic excitation transport that might inspire novel transport processes in devices or artificial light harvesting [35] . Multi-exciton processes are of relevance in light harvesting [20, 21] , particularly when exciton-exciton annihilation processes are involved [36, 37] . Including the latter in cold atom quantum simulations would be an interesting topic for further work.
More generally the availability of a larger number of Born-Oppenheimer surfaces in the presence of multiple excitons enlarges the versatility of flexible Rydberg aggregates for the design of tailored BO surfaces, the principles of which are outlined in [12] .
